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On the representability of actions
in the topos context
Francis Borceux
To George Janelidze, on his sixtieth birthday
Abstract
The notion of a group G acting on a group X is well-known. Fixing X,
the corresponding functor Act(−, X) is representable by the group [X] of
automorphisms of X. The notion of G-action on X has been generalized
to the context of a semi-abelian category, but in this general context, the
functor Act(−,X) is generally not representable. We investigate the rep-
resentability of the functor Act(−, X) for the semi-abelian category Eop⋆ ,
dual of the category of pointed objects of a topos E . The representability
holds in particular when E is a Boolean topos or a topos of presheaves of
sets, but does not hold in general, not even for a Grothendieck topos E .
1 Introduction
An action of the group (G, ·) on the group (X,+) is a mapping
G×X qqqqqqqqqqqq qqqqqqqqqqq X, (g, x) 7→ gx
satisfying the axioms
1x = x, (gg′)x = g(g′x), g(x+ x′) = gx+ gx′.
This is the same as giving a group homomorphism G→ Aut(X), where Aut(X)
is the group of automorphisms of (X,+). In other words, fixing the group X ,
the functor Act(−, X) mapping a group G on the set of G-actions on X , is
representable by the group Aut(X) of automorphisms of X . Moreover every
G-action on X induces a right-split short exact sequence
1 qqqqqqqqq
qqqq
qqqqqqqqqqq X qqqqqqqqqq
qq
qqqqqqqqqqq X ⋊G qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqqq
G qqqqqqqqqqq
q
qqqqqqqqqqqq 1
where X⋊G is the so-called semi-direct product of G and X for the given action.
(These classical results are recalled in [1], Section 5.2.)
The notion of semi-abelian category has been introduced in [7] to provide
an elegant non-abelian context where to develop – in particular – homological
algebra. The most celebrated example of a semi-abelian category is precisely
1
that of groups. It is shown in [6] that semi-direct products, and via these the
notion of action, can be defined in an arbitrary semi-abelian category. In [2], a
full proof is given of the bijection, in a semi-abelian category, between G-actions
on X and isomorphism classes of right-split exact sequences
1 qqqqqqqqq
qqq
qqqqqqqqqqq X qqqqqqqqqq
qq
qqqqqqqqqqq A qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqq
G qqqqqqqqqqq
q
qqqqqqqqqqqq 1
In the present paper, it will be convenient to rely at once on this alternative
description of the functor Act(−, X).
Given an elementary topos E , the dual Eop⋆ of the category E⋆ of pointed ob-
jects in E is semi-abelian (see [5]). During his talk at his 60th birthday meeting
in Coimbra, on July 13, 2012, George Janelidze asked the question of the repre-
sentability of actions in this semi-abelian category Eop⋆ . He showed that X itself
represents the actions on X when the topos E is Boolean. Referring to a more
general (unpublished) result of James Gray, he showed also the representability
of actions when E is the topos of arrows in Set and produced a counter-example
where actions are not representable: namely, the so-called Pare´ topos described
in [8].
Through this paper, E will remain an elementary topos and to avoid any
confusion, we shall always work in the category E⋆, not in its dual. Except
otherwise specified, every object A and every morphism f considered in this
paper always lie in E⋆, without any mention of the base point, which will always
be written ⋆ : 1 → A. The zero morphisms are written 0 while coproducts,
kernels and cokernels in E⋆ are written +, Ker and Coker . Fixing X ∈ E⋆, the
problem is thus to decide if the functor Act(X,−) mapping an object G on the
set of isomorphism classes of left-split exact sequences
1 qqqqqqqqq
qqq
qqqqqqqqqqqq G qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqqq
A qqqqqqqqqqq
q
qqqqqqqqqqqq X qqqqqqqqqq
qq
qqqqqqqqqqqq 1
is representable by some object [X ] ∈ E⋆.
Consider the full subcategory N/X of E⋆/X whose objects are the normal
epimorphisms. We prove that the existence of an initial object [X ] qqqqqqqqqqq
qq
qqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqq X in
N/X is sufficient to force [X ] to represent the actions on X . This sufficient
condition is in particular satisfied when E is a Boolean topos or when E is a
topos of presheaves over the topos of sets. We also exhibit a necessary condition
for the representability of actions in E⋆ and use it to exhibit a Grothendieck topos
E for which actions are generally not representable in E⋆.
Of course I thank George Janelidze for having brought this problem to my
attention. I thank him also for having proposed an elegant simplification of my
original proof of Theorem 5.
2 Initial normal covers
The key assumption in this note is:
Definition 1 Let E be a topos. An object X ∈ E⋆ admits an initial normal
cover when the full subcategory N/X of E⋆/X, whose objects are the normal
epimorphisms, admits an initial object.
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When it exists, let us write χ : [X ] qqqqqqqqqqq
q
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq X for the initial normal cover of X .
Example 2 When E is a presheaf topos over Set, every object of E⋆ admits an
initial normal cover.
Proof Consider the topos E of presheaves on a small category C. As far as
possible, the proof is developed in an arbitrary topos, just to underline clearly
the points where the presheaf assumption is crucial.
It is standard basic category theory that a category B has an initial object
if and only if the identity functor admits a limit. And for this limit to exist, it
suffices to prove that B is complete and admits a small full subcategory S such
that
∀B ∈ B ∃S ∈ S ∃f : S qqqqqqqqqqq
q
qqqqqqqqqqqq B
(S is called an initial or a final subcategory, according to the authors). We shall
apply these results to prove the existence of an initial object in N/X .
To prove the completeness of NX , let us show that NX is stable under limits
in E⋆/X . Of course the identity on X is the terminal object of N/X .
For equalizers, consider two parallel morphisms u, v in N/X and their equal-
izer w in E⋆. With the notation of the following diagram, where K and L are
the kernels of the normal epimorphisms f and g, we must prove that h = fw is
a normal epimorphism as well.
K ∩ E K L
qqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq
qqqqq
qqqqqq
qqqqqqqqqqqq
qqqqq
qqqqqq
qqqqqqqqqqqq
qqqqq
qqqqqq
qqqqqqqqqqq
qqqqq
E qqqqqqq
qqqqq
qqqqqqqqqqq
qqqqqqq
qqqqq
qqqqqqqqqqqq
w
A qqqqqqqqqqqq qqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqq
u
v
B
❍❍❍❍❍❍❍❍❍❍❍qqqqqqqqqqqqq qqqqqqqqqqqq
h = fw
❅
❅
❅
❅
❅qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqqqqqq
f
qqqqqq
qqqqqqqqqqqqq
qqqq
qqqqqq
qqqqqqqqqqq
qqqqq
g
X
The kernel of h is of course K ∩ E.
Let us prove first that h is an epimorphism, using the internal logic of the
topos. Given x ∈ X there exists a ∈ A such that f(a) = x. We have
gu(a) = f(a) = x, gv(a) = f(a) = x.
Thus gu(a) = gv(a) which implies, by normality of g(
u(a), v(a)
)
∈ L× L or u(a) = v(a).
But u(a) ∈ L forces x = f(a) = gu(a) = ⋆ while u(a) = v(a) means a ∈ E. So
we have
x = ⋆ = fw(⋆) = h(⋆) or a ∈ E
3
and since ⋆ itself is an element of E, in both cases we have
∃a ∈ E h(a) = x
proving that h is an epimorphism.
To prove that h is the cokernel of K ∩ E, consider two elements e, e′ ∈ E
such that h(e) = h(e′). By normality of f , fw(e) = fw(e′) implies(
w(e), w′(e′)
)
∈ K ×K or w(e) = w(e′).
And since w is a monomorphism, this yields at once
(e, e′) ∈ (K ∩ E)× (K ∩E) or e = e′.
This concludes the proof that h is the cokernel of K ∩ E.
For arbitrary products in NX , consider a family fi : Ai qqqqq
qqqqqq
q
qqqqqqqqqqq
qqqqqqq
qqqqqq
qqqqqqqqqqqq X of normal
epimorphisms, for some indexing set I. Compute the corresponding general-
ized pullback P in E⋆, which is the product in E⋆/X ; write f for the common
composite fipi = f = fjpj . We must prove that f is a normal epimorphism.
Ki P Kj
❅
❅
❅
qqqqqq
qqqqqq
qqqqq
qqqqqqqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqq
qqqqqqqqqqqqqqqqq
κi
 
 
 
 qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
pi
❅
❅
❅
❅qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
pj  
 
 
qqqqqqqqqqqqqqqqqqqqqqq
qqqqqq
qqqqq
qqqqqqqqqqqqqqqqqqqqqqq
qqqqqq
qqqqq
κj
Ai f
qqqqqq
qqqqqqqqqqqq
qqqqq
Aj
❅
❅
❅❅qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqqqqqqq
fi
 
 
  qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqq
qqqqqq
qqqqqq
fj
X
Fix an object C ∈ C and an element b ∈ X(C). Since we are in a topos of
presheaves, each component (fi)C is surjective, so that we can choose ai ∈ Ai(C)
mapped on b by (fi)C . Then (ai)i∈I lies in the pullback P (C) and is mapped
on b by fC . So each fC is surjective and f is an epimorphism.
Let us recall that in a topos of presheaves, the locales of subobjects are
also co-locales, that is, finite joins distribute over arbitrary meets. Indeed this
property holds pointwise in the category of sets.
It remains to prove that f is a normal epimorphism. Trivially,
∏
i∈I Ki ⊆ P ,
since every element of Ki is mapped on ⋆ by fi. Let us prove that f is the
cokernel of that inclusion, using the infinitary internal logic of the topos (or if
you prefer, interpret what follows as occurring at an arbitrary level C ∈ C).
Choose (ai)i∈I and (a
′
i)i∈I in P identified by f . This means fi(ai) = fi(a
′
i) for
each index i ∈ I. By normality of fi,
(ai, a
′
i) ∈ Ki ×Ki or ai = a
′
i.
But (ai, a
′
i) ∈ Ki ×Ki for some fixed index i implies, for every other index j,
fj(aj) = fi(ai) = ⋆ = fi(a
′
i) = fj(a
′
j)
4
thus (aj , a
′
j) ∈ Kj ×Kj . So if one pair (ai, a
′
i) is in Ki ×Ki, all pairs (aj , a
′
j)
are in Kj ×Kj . We have thus at each level j ∈ I
∀j ∈ I
(
(ai)i∈I , (a
′
i)i∈I
)
∈
(∏
i∈I
Ki
)
×
(∏
i∈I
Ki
)
or aj = a
′
j .
Since finite joins distribute over arbitrary meets in a topos of presheaves, this
is the same as
(
(ai)i∈I , (a
′
i)i∈I
)
∈
(∏
i∈I
Ki
)
×
(∏
i∈I
Ki
)
or (aj)j∈I = (a
′
j)j∈I .
This proves that f is a normal epimorphism.
It remains to check the “solution set condition”. For this consider a normal
epimorphism g : A qqqqqqqqqqq
q
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqq X . Since we are in a presheaf category, we have a normal
epimorphism gC in Set at each level C ∈ C. Thus at each level C, A(C) is
constituted of
• an arbitrary number of elements mapped by gC on ⋆ ∈ X(C);
• another piece, in bijection with X(C) \ {⋆} via gC .
Write B for the subpresheaf of A generated by, for all levels C, the element
⋆ ∈ A(C) and the elements a ∈ A(C) such that gC(a) 6= ⋆. There are thus at
most ♯
∐
C∈CX(C) such elements. Trivially the composite
B qqqqqqqqqqq
q
qqqqqqqqqq
qqqqqqq
qqqqqq
qqqqqqqqqqqq A
g
qqqqqqq
qqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqq X
is still a normal epimorphism whose kernel is K ∩B, where K is the kernel of g.
The full subcategory S ⊆ N/X we are looking for admits thus as objects
those normal epimorphisms B qqqqqqqqqqq
qq
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq X where B is a presheaf generated by at
most ♯
∐
C∈CX(C) elements. Since the category C is small, S is small. 
Example 3 When E is a Boolean topos , every object X ∈ E⋆ admits the iden-
tity on X as initial normal cover.
Proof Consider a normal epimorphism f : A qqqqqqqqqqq
q
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq X and its kernel K. As a
subobject in the topos E , K admits a complement L′ and putting L = L′ ∪{⋆},
we obtain A = K + L in E⋆. We have then the trivial exact sequence
1 qqqqqqqqq
qqq
qqqqqqqqqqqq K
pK
qqqqqq
qqqqqq
qqqqqqqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqqq
iK
K + L
iL
qqqqqqq
qqqqqq
qqqqqqqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqq
pL
L qqqqqqqqqqq
q
qqqqqqqqqqqq 1
where K + L ∼= A and L = X , pL ∼= f , since both are the cokernel of K ⊆ A.
We have thus already a commutative triangle
5
X ∼= L qqqqqqq
qqqqq
qqqqqqqqqqq
iL
K + L ∼= A
❅
❅
❅
❅
❅
 
 
 
 
 qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
pL = f
X
It remains to prove that iL is the unique possible morphism making the diagram
commutative. If t is another morphism such that ft = idX , working in the
internal logic of the topos, choose l ∈ L. Then t(l) ∈ K or t(l) ∈ L. When
t(l) ∈ K, we have pL
(
t(l)
)
= ⋆ and thus l = ⋆ since pLt = idL; and since l = ⋆,
iL(l) = ⋆ = t(l). On the other hand when t(l) ∈ L, we have pL
(
t(l)
)
= t(l) and
again since pLt = idL, we have iL(l) = l = t(l). This proves that t = iL and
thus the identity on X is the initial normal cover of X . 
Just to give a flavor of the possible form of an initial normal cover, let us
recall an elementary example, also exhibited independently by James Gray.
Example 4 The initial normal covers in the topos of arrows of sets.
Proof Let E be the topos of arrows in Set. Fix an object X = (f : X1 qqqqq
qqqqqq
q
qqqqqqqqqq X0).
Consider
[X ] =
(
h : X1 qqqqq
qqqqqq
qq
qqqqqqqqqqqq X0 + f
−1(⋆)
)
where + is the coproduct in the category of pointed sets. The morphism h
restricts as the identity from f−1(⋆) ⊆ X1 to f−1(⋆) ⊆ X0 and as f elsewhere.
The morphism χ : [X ] qqqqqqqqqq
q
qqqqqqqqqqq X is the identity at the upper level while at the lower
level, it is the identity on X0 and maps f
−1(⋆) on ⋆.
It is immediate that χ is a normal epimorphism, with kernel
K =
(
{⋆} qqqqqqqqqqq
q
qqqqqqqqqqq f−1(⋆)
)
.
To prove that χ is an initial normal cover, consider a normal epimorphism
ϕ : A qqqqqqqqqqq
q
qqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq X , where A = (g : A1 qqqqq
qqqqqq
q
qqqqqqqqqqqq A0). By normality of χ and ϕ at both
levels, these morphisms induce at each level bijections
[X ]i \Ki = Xi \ {⋆} ∼= Ai \ (Kerϕ)i, i = 1, 0.
This forces the definition on [X ]i \Ki of a possible factorization ψ : [X ] qqqqqq
qqqqqq
qqqqqqqqqqq A
yielding ϕψ = χ. This definition extends uniquely as a morphism ψ : [X ] qqqqqqqqqqq
q
qqqqqqqqqqq A,
namely, ψ1(⋆) = ⋆ and if f(a) 6= ⋆, ψ0(a) = gψ1(a). 
In Example 4, we have in particular the short exact sequence
1 qqqqqqqqq
qqq
qqqqqqqqqqq K k qqqqqqqqqq
qq
qqqqqqqqqqq [X ]
χ
qqqqqq
qqqqq
qqqqqqqqqqq X qqqqqqqqqq
qq
qqqqqqqqqqq 1.
It should be noticed that in general, this is not a right-split exact sequence.
Indeed choose ⋆ 6= a ∈ f−1(⋆). A retraction [X ] qqqqqqqqqqq
q
qqqqqqqqqqq K maps a on ⋆ at the
upper level, thus cannot map a ∈ K0 on itself at the lower level.
The observant reader will have noticed that our proof of Example 4 remains
valid when E is replaced by an arbitrary Boolean topos. It remains an open
problem to investigate an analogous internal generalization of Example 2.
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3 A criterion of representability
This section contains the main result of this paper. The proof given here is an
elegant simplification of my original proof: a simplification suggested by George
Janelidze.
Theorem 5 Let E be a topos and assume that X ∈ E⋆ admits the initial normal
cover χ : [X ] qqqqqqqqqqq
q
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqq X. Then [X ] represents the actions on X in the semi-abelian
category Eop⋆ .
Proof Let us first construct the two pieces of the expected bijection. One of
them is trivial: the mapping
α : Act(X,G) qqqqqqqqqqq
q
qqqqqqqqqqqq E⋆
(
[X ], G
)
.
Given a left-split exact sequence (u, v, w) in E⋆, the assumption implies the
existence of a unique morphism t such that wt = χ.
[X ]
♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
t
qqqqqqq
qqqqqq
qqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq
qqqqq
χ
1 qqqqq
qqqqqq
q
qqqqqqqqqqq G qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqqq
v
u
A qqqqqqq
qqqqq
qqqqqqqqqqqw X
qqqqqq
qqqqqq
qqqqqqqqqqq 1
This yields at once a composite morphism vt : [X ] qqqqqqqqqqq
q
qqqqqqqqqqq G which we choose as
α(u, v, w). The naturality of α in the variable G is obvious.
Conversely, to construct
β : E⋆
(
[X ], G
)
qqqqqq
qqqqqq
qqqqqqqqqqq Act(X,G)
let us start with a morphism s : [X ] qqqqqqqqqqq
q
qqqqqqqqqqq G. We write k : K qqqqqqqqqq
qq
qqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq [X ] for the
kernel of the initial normal cover χ : [X ] qqqqqqqqqqq
qq
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqq X . We have in particular the
morphisms
K k qqqqqqqqqqq
q
qqqqqqqqqqq
qqqqqqq
qqqqq
qqqqqqqqqqq [X ] s qqqqqqqqqq
qq
qqqqqqqqqqq G
so that it makes sense to speak of the pushouts [X ]+K [X ] and [X ]+KG overK.
The construction refers to the three upper rows in Diagram 1 and the morphisms
between them. In this diagram, the morphisms ij are the canonical morphisms
of the pushouts and ∇ is the codiagonal. The part of the diagram so described
is trivially commutative, with ∇ and (s, idG) retractions of the corresponding
morphisms i2. Moreover (1) and (1) + (2) are pushouts by construction, thus
(2) is a pushout as well.
The top row of Diagram 1 is a short exact sequence, because χ is a normal
monomorphism with kernel k. Therefore, the second and the third rows, ob-
tained by pushouts from the first one, are short exact sequences as well; they
7
1 qqqqq
qqqqqqq
qqqqqqqqqqq K qqqqqqq
qqqqq
qqqqqqqqqqq
k [X ] qqqqqqqqqqq
q
qqqqqqqqqqq
χ
X qqqqqqq
qqqqq
qqqqqqqqqqq 1
k
qqqqqq
qqqqqqqqqqqq
qqqqqq
(1)
qqqqqq
qqqqqqqqqqqq
qqqqq
i1
1 qqqqq
qqqqqqq
qqqqqqqqqqq [X ] qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqqq
qqqqqq
qqqqq
∇
i2
[X ] +K [X ] qqqqq
qqqqqq
q
qqqqqqqqqqqq
(χ, 0)
X qqqqqqq
qqqqq
qqqqqqqqqqq 1
s
qqqqqq
qqqqqqqqqqqq
qqqqqq
(2)
qqqqqq
qqqqqqqqqqqq
qqqqq
id[X] +K s
1 qqqqq
qqqqqqq
qqqqqqqqqqq G qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqqq
qqqqqq
qqqqq
(s, idG)
i2
[X ] +K G qqqqq
qqqqqq
q
qqqqqqqqqqqq
(χ, 0)
X qqqqqqq
qqqqq
qqqqqqqqqqq 1
qqqqqq
qqqqqqqqqqqq
qqqqq
(t, u)
1 qqqqq
qqqqqqq
qqqqqqqqqqq G qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqqq
qqqqqq
qqqqq
v
u
A qqqqqqq
qqqqq
qqqqqqqqqqq
w
X qqqqqqq
qqqqq
qqqqqqqqqqq 1
Diagram 1
are thus left-split short exact sequences. We define β(s) to be the third row in
Diagram 1.
Proving that αβ(s) = s is easy. Indeed i1 : [X ] qqqqq
qqqqqq
qq
qqqqqqqqqqq [X ] +K G is such that
(χ, 0)i1 = χ. By initiality of χ, i1 is the unique such morphism and by definition
of α, αβ(s) = (s, idG)i1 = s.
Conversely start with the left-split short exact sequence (u, v, w), bottom row
in Diagram 1. Consider the unique morphism t : [X ] qqqqqqqqqqq
q
qqqqqqqqqqq A such that wt = χ
and the composite vt = α(u, v, w). Choose s = vt in Diagram 1: we must prove
that β(s), the third row of the diagram, is isomorphic to (u, v, w), the bottom
row of the diagram. For this we observe first that tk = usk. Indeed, since
wt = χ, we have wtk = χk = 0, thus tk factors as tk = ut′ through the kernel
u = Kerw. And then
usk = uvtk = uvut′ = ut′ = tk.
This equality implies the existence of the factorization (t, u) through the pushout
[X ] +K G. This factorization makes trivially the bottom part of Diagram 1
commutative, thus it is an isomorphism by the short five lemma (see [4]). This
proves βα(u, v, w) ∼= (u, v, w). 
Obviously, the proof of Theorem 5 does not use the full strength of the
assumption on the existence of an initial normal cover. As in other questions
related to the representability of actions (see [3]), the existence of a unique
morphism
(
[X ], χ
)
qqqqqqq
qqqqqq
qqqqqqqqqqqq (A,w) in NX (notation of Definition 1) is needed only
for those normal epimorphisms w : A qqqqqqqqqqq
q
qqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq X whose kernel is a retract.
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One could decide to weaken accordingly the assumption of the Theorem. But
when considering such a possible weakening, it is important to remain aware
that the kernel of χ : [X ] qqqqqqqqqqq
q
qqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq X is generally not a retract, as the comment
following Example 4 indicates.
The interested reader will also observe that the dual proof of Theorem 5
carries over to the case of a pointed protomodular category with cokernels (see
[4]). It yields then a criterion for the existence of a classifier for short right-
split exact sequences, provided the existence of terminal normal extensions.
But in the more general context of protomodular categories, one looses the
connection with the notion of action. Moreover, as a matter of fact, in the
well-known many “algebraic-like” examples of pointed protomodular categories
or even semi-abelian categories, it is almost never the case that terminal normal
extensions exist. Nevertheless [3] has exhibited many “algebraic-like” examples
of semi-abelian categories where actions are representable.
Corollary 6 When E is a topos of presheaves of sets, actions are representable
in the semi-abelian category Eop⋆ .
Proof By Theorem 5 and Example 2. 
The following Corollary was first observed by George Janelidze, who gave a
direct proof of it.
Corollary 7 When E is a Boolean topos, actions on an object X of the semi-
abelian category Eop⋆ are representable by X itself.
Proof By Theorem 5 and Example 3. 
4 Counter-examples
It remains to give evidence that the representability of actions in the semi-
abelian category Eop⋆ , for a given topos E , is not a general fact. The first known
(unpublished) counter-example has been produced by George Janelidze.
Counterexample 8 When E is the Pare´ topos defined in [8], actions in Eop⋆
are generally not representable.
Proof Let E be the topos of arrows in Set. The full subcategory P ⊆ E
generated by those arrows with a finite codomain is stable in E under finite
limits, finite colimits, exponentiation and the Ω-object. P is thus a topos: let
us call it the Pare´ topos (see [8]).
Consider a right-split short exact sequence in E .
1 qqqqqqqqq
qqq
qqqqqqqqqqqq G qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqq
qqqqqqq
qqqqq
A qqqqqqqqqqq
q
qqqqqqqqqqqq X qqqqqqqqqq
qq
qqqqqqqqqqqq 1
If both G = (G1 qqqqq
qqqqqq
q
qqqqqqqqqqq G0) and X = (X1 qqqqq
qqqqqq
q
qqqqqqqqqqqq X0) are in P , then A is in P as
well since A0 is the coproduct as pointed sets of G0 and X0. This shows that
for X and G in P , the G-actions on X are the same in E and P .
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Fix X ∈ P . By Example 4, actions on X in E are representable by some ob-
ject [X ] ∈ E . Suppose that actions on X in P are representable as well by some
object 〈X〉 ∈ P . These two representabilities, together with the observation
concerning G-actions on X , with G,X ∈ P , force an isomorphism of functors
P
(
〈X〉,−
)
∼= E
(
[X ]
)
: P qqqqqqqqqqqq
q
qqqqqqqqqqqq Set.
Via this isomorphism, the identity on 〈X〉 corresponds to a morphism
γ : [X ] qqqqqqqqqqq
q
qqqqqqqqqqq 〈X〉
and the isomorphism of functors is then simply composition with γ.
Choose now X =
(
N qqqqq
qqqqqq
q
qqqqqqqqqqq {⋆}
)
with ⋆ = 0 as base point at the top level.
As proved in Example 4, [X ] =
(
N N
)
. Let us show that the bottom
component of the morphism γ : [X ] qqqqqqqqqqq
q
qqqqqqqqqqq 〈X〉 is injective, which will contradict
the fact that 〈X〉 lies in P .
Given n 6= m in N, consider the morphism
f : [X ] =
(
N N
)
qqqqqq
qqqqqq
qqqqqqqqqqqq
(
N qqqqq
qqqqqq
q
qqqqqqqqqqqq {⋆, n,m}
)
= Y.
In Y , the elements n,m ∈ Y1 are mapped respectively on n,m ∈ Y0 and the rest
on ⋆; analogously f1 is the identity on N while f0 maps n,m ∈ [X ]0 respectively
on n,m ∈ Y0 and the rest on ⋆. Since Y ∈ P , we know by the isomorphism
above that f factors as f = g ◦ γ. Since f0(n) 6= f0(m), we have γ0(n) 6= γ0(m).
This proves the injectivity of γ0 and thus the expected contradiction. 
The Pare´ topos has been constructed to provide an example of a topos E
such that there does not exist any geometric morphism to a Boolean topos; it is
thus definitely not a Grothendieck topos. But what about the representability
of actions in Eop⋆ , when E is a Grothendieck topos?
The proof in the case of a topos of presheaves has shown that the bad be-
havior of infinite pullbacks of normal epimorphisms is the point which can pos-
sibly prevent the existence of initial normal covers in an arbitrary Grothendieck
topos. This can be made more precise in terms of a necessary condition for the
representability of actions.
Proposition 9 Let E be a Grothendieck topos and X ∈ E⋆. For the actions on
X being representable in Eop⋆ , it is necessary that given a family fi : Ai qqqqqq
qqqqqq
q
qqqqqqqqqqq
qqqqqqq
qqqqqq
qqqqqqqqqqqq X of
normal epimorphisms in E⋆ whose kernels are retracts, the generalized pullback
of these epimorphisms is still an epimorphism.
Proof Suppose that the actions on X are represented by an object [X ]. The
identity on [X ] is the initial object of the category of all arrows with domain [X ]
in E⋆. By the representability assumption, this category is equivalent to that
of left-split exact sequences with quotient object X . That category has thus an
initial object as well, which we can write as
1 qqqqqqqqq
qqq
qqqqqqqqqqq G
u
qqqqqqq
qqqqqq
qqqqqqqqqqq
qqqqqqqqqqqq
qqqqqq
qqqqq
v
A w qqqqqqqqqqq
q
qqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqq X qqqqqqqqqq
qq
qqqqqqqqqqq 1.
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Consider now a family fi : Ai qqqqq
qqqqqq
q
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqqq X of normal epimorphisms whose respective
kernels are retracts. Choosing arbitrarily a retract for each index i ∈ I, by
initiality of the split exact sequence above, we obtain commutative diagrams
1 qqqqq
qqqqqq
q
qqqqqqqqqqq G qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqqq
qqqqqq
qqqqqq
v
u
A qqqqqqqq
qqqqq
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqq
w
X qqqqqqq
qqqqq
qqqqqqqqqqq 1
♣♣♣♣♣♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqq
gi
1 qqqqq
qqqqqqq
qqqqqqqqqqq Ki qqqqqqqqqqqq qqqqqqqqqqq
qqqqqqqqqqqqq
qqqqqq
qqqqq
Ai qqqqq
qqqqqq
q
qqqqqqqqqqqq
qqqqqq
qqqqqq
qqqqqqqqqqq
fi
X qqqqqqq
qqqqq
qqqqqqqqqqq 1
Next consider the generalized pullback P of the various fi and the corresponding
composite f : P qqqqqqqqqqq
q
qqqqqqqqqqq X . Since figi = w for all indices i ∈ I, there is a corre-
sponding factorization g : A qqqqqqqqqqq
q
qqqqqqqqqqq P through the pullback, making the following
diagram commutative:
A
g
♣♣♣♣♣♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqq
❅
❅
❅
❅
❅qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
gi
❍❍❍❍❍❍❍❍❍❍❍qqqqqqqqqqqqqq qqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqq
w
P qqqqqqq
qqqqq
qqqqqqqqqqq
pi
Ai
✍ ✌
qqqqqqqqqqqqq
qqqqqqqqqqq
f
qqqqqq
qqqqqq
qqqqqqqqqqq
fi
X
Since w is an epimorphism, so is f . 
Counterexample 10 A Grothendieck topos for which actions are not always
representable.
Proof Consider the poset (N,≤). For a non-empty set I of indices, one has
trivially
a ∨
(∧
i∈I
bi
)
=
∧
i∈I
(a ∨ bi)
simply because (N,≤) is well-ordered, thus
∧
i∈I bi is some bi0 of the family. As
a consequence,
L = (N× N) ∪ {(∞,∞)}
provided with the reversed ordering, is a locale. Let us draw this locale L as
in Diagram 2, with thus (∞,∞) as bottom element. And let us freely speak
of the elementary “South-East” and “South-West” restrictions in the case of a
presheaf on L, as well as of the various elementary “diamonds” in the locale L.
In the locale L, every non-trivial covering
(i, j) =
∨
s∈S
(is, js)
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(0, 0)
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqq
(0, 1) (1, 0)
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqq
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqq
(0, 2) (1, 1) (2, 0)
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqq
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqq
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqq
(0, 3) (1, 2) (2, 1) (3, 0)
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqq
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqq
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqq
♣ ♣ ♣
♣ ♣ ♣
♣ ♣ ♣
qqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqq
♣♣♣
♣♣♣
♣♣♣
qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqq
Diagram 2
has thus in N× N the form
(i, j) =
(∧
s∈S
is,
∧
s∈S
js
)
= (is0 , js1)
since an infimum in N is a smallest element. The covering contains in particular
the two elements
(is0 , js0) = (i, js0), (is1 , js1) = (is1 , j).
So the covering is redundant since it contains already an elementary covering
(i, j) = (i, js0) ∨ (is1 , j).
Given an “elementary covering” as above
(i, j) = (i, j′) ∨ (i′, j)
a compatible family
(
a ∈ A(i, j′), b ∈ A(i′, j)
)
along this covering in a presheaf
A over L will simply be written 〈a, b〉, with thus a in the “West corner” and b
in the “East corner”.
Let us now define a pointed presheaf T on L by
T (i, j) = {⋆, x}.
The South-West restrictions are the constant mappings on ⋆ while the South-
East restrictions are the identities. This situation is pictured in Diagram 3.
Given a diamond in L, the only possible compatible families are then
• 〈⋆, ⋆〉 which glues uniquely as ⋆;
• 〈⋆, x〉 which glues uniquely as x.
This implies at once that T is a sheaf on L, pointed by ⋆.
We construct next a sequence of sheaves An, for each n ∈ N.
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⋆x♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
⋆x ⋆x♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
⋆x ⋆x ⋆x♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
⋆x ⋆x ⋆x ⋆x♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
Diagram 3
• An(i, j) = {⋆} when i < n;
• An(i, j) = {⋆, k, a} when i ≥ n.
All South-West restriction are such that
⋆ 7→ ⋆, k 7→ k, a 7→ k
while all South-East restriction are given by
⋆ 7→ ⋆, k 7→ k, a 7→ a.
This situation is pictured in Diagram 4 in the case n = 2. The composite of a
South-West and a South-East restrictions, in whatever order, yields
⋆ 7→ ⋆, k 7→ k, a 7→ k
thus An is a presheaf. Observe further that the only possible compatible families
along a diamond are
• 〈⋆, ⋆〉 which glues uniquely as ⋆;
• 〈k, k〉 which glues uniquely as k;
• 〈k, a〉 which glues uniquely as a.
This proves that An is a sheaf, pointed by ⋆.
We arrive at the family of normal epimorphisms. The morphism fn : An → T
is defined, at each level (i, j), by
⋆ 7→ ⋆, k 7→ ⋆, a 7→ x.
It is immediate that fn is a morphism of sheaves.
The kernel Kn of fn is given by
• Kn(i, j) = {⋆} when i < n;
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⋆♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
⋆ ⋆♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
⋆ ⋆ ⋆ka♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
⋆ ⋆ ⋆ka ⋆ka♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
⋆ ⋆ ⋆ka ⋆ka ⋆ka♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣♣♣♣♣♣♣♣♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
Diagram 4
• Kn(i, j) = {⋆, k} when i ≥ n.
Observe that Kn becomes a retract of An when defining the retraction by
⋆ 7→ ⋆, k 7→ k, a 7→ k.
Let us prove that fn is an epimorphism of sheaves. Of course each element
⋆ ∈ T (i, j) is the image of the element ⋆ ∈ An(i, j). It remains to prove that
given x ∈ T (i, j), there exists a covering of (i, j), thus as we have seen there
exists an elementary covering
(i, j) = (i, j′) ∨ (i′, j),
together with elements in An(i, j
′), An(i
′, j) mapped on the corresponding re-
strictions of x. Let us choose i′ and j′ strictly greater than i, j, n. Then
x|(i,j′) = ⋆ and x|(i′,j) = x. Of course ⋆ ∈ An(i, j
′) is mapped on ⋆ ∈ T (i, j′)
while a ∈ An(i′, j) exists and is mapped on x ∈ T (i′, j). This proves that fn is
an epimorphism of sheaves.
Let us prove further that fn is the cokernel of the inclusion Kn ⊆ T . We
must prove that when two elements u, v ∈ An(i, j) are mapped on the same
element of T (i, j), there exists a covering of (i, j) – thus an elementary covering
– such that on one piece of the covering both restrictions of u and v are in Kn,
while on the other piece of the covering the two restrictions of u and v are equal.
Of course if u and v are mapped on ⋆, they are at once both in Kn. And if they
are mapped on x, both u and v are equal to a and thus are at once equal. So
the required property holds at once “set theoretically” at each level (i, j). This
proves that the epimorphism fn is the cokernel of the inclusion Kn ⊆ An.
It remains to compute the infinite pullback P of all the morphisms fn and
consider the corresponding morphism f : P qqqqqqqqqqq
q
qqqqqqqqqq T . This morphism f cannot
possibly be an epimorphism. Indeed choose x ∈ T (0, 0). If f is an epimorphism,
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there exists a covering of (0, 0), thus an elementary covering, on which the
restrictions of x ∈ T (0, 0) are images of elements in P . But such an elementary
covering has necessarily the form
(0, 0) = (0, j) ∨ (i, 0).
An element of P (i, 0) has the form (an)n∈N with an ∈ An(i, 0). The restriction
of x ∈ T (0, 0) in T (i, 0) is still x. Thus an ∈ An(i, 0) is mapped by fn on
x ∈ T (i, 0). By definition of An and fn, this forces i ≥ n and an = a. Thus
the index i should be greater than all the natural numbers, which is impossible.
This concludes the proof. 
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